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Performance questions

- How efficient is a particular algorithm?
- CPU time usage (Running time complexity)
- Memory usage (Space complexity)
- Disk usage
* Network usage

- Why does this matter?

- Computers are getting faster, so is this really important?
- Data sets are getting larger — does this impact running times?



How can we measure time efficiency of algorithms?

- One way is to measure the absolute running time clock t t;
t = clock();

* Pros? Cons?
//Code under test

t = clock() - t;



Which implementation is significantly faster ?
A B.

double Fib(int n){ double Fib(int n){
if(n <= 2) return 1: double *fib = new doublel[n];

: . . fib[0] = fib[1] = 1;
, return F1b(n:;) + F1b(q:2), for(int i = 2; 1 < n; i++){

fib[i] = fib[i-1] + fib[i-2];
}

return fib[n-11;

C. Both are almost equally fast
n 1 2 2 Y 5 6

@ 4 A 2 3 5 R
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A better question: How does the running time grow as a function of
Input size

double Fib(int n){ double Fib(int n){
if(n <= 2) return 1: double *fib = new doublel[n];

return Fib(n-1) + Fib(n-2); ici,?([?,]]tzifibz[?]i=<1§- i++)4

fib[i] = fibli-1] + fib[i-2]:
}

return fib[n-11;

The “right” question is: How does the running time grow?
E.g. How long does it take to compute Fib(200) recursively?
....let's say on....



NEC Earth Simulator

The Earth Simulator eenter

Can perform up to 40 trillion operations per second.



The running time of the recursive implementation

The Earth simulator needs 292 seconds for F,,,,.

Time in seconds Interpretation
.510 17 minutes Let's try calculating F,,
220 12 days using the iterative
230 32 years algorithm on my laptop.....
240 cave paintings
270 The big bang!
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Subgoal 1: Focus on the impact of the algorithm:

P e —— e B

Simplify the analysis of running time by ignoring “details” which may
be an artifact of the underlying implementation



Subgoal 1: Focus on the impact of the algorithm:

Simplify the analysis of running time by ignoring “details” which may
be an artifact of the underlying implementation

- Subgoal 2: Focus on trends as input size increases
(asymptotic behavior): -

How does the running time of an algorithm increases with the size of
the input in the limit (for large input sizes)




Subgoal 1: Focus on the impact of the algorithm:
Count operations instead of absolute time!

4

(int n){

- Every computer can do some primitive double Fib

operations in constant time: double *fib = new doubleln]:
- Data movement (assignment) fib[0] = fib[1] = 1; \ _
— —_— _ for(int 1 = 2; 1 < n; i++){
- Control statements (branch, function fib[i] = fib[i-1] + fib[i-21;
call, return) 1
+ Arithmetic and logical operations return fibln-1I;

——SS—

- By inspecting the pseudo-code, we can
count the number of primitive
operations executed by an algorithm



Subgoal 1: Focus on the impact of the algorithm:
Count operations instead of absolute time!

double Fib(int n){
(» double xfib = new doubleln];
fib[0] = fib[1] = 1;
for(int 1 =723 i < n; i++){
fib[i] = TI0[i-TT+ fib[i-21;

} N X

return fib[n-11;




Subgoal 1: Focus on the impact of the algorithm:

Count operations instead of absolute time! ‘
T = (+ 2+ (N-2) -6 =bn -9 T (n)=8n-\\

procedure Fib(n: positive integer) J]ldouble Fib(int n){

Create an array fib[1l..n] 9 skp double *fib = new doubleln];
fib[1] := 1 2 shps fib[0] = fib[1] = 1;

fib[2] := 1 for(int 1 = 2; i < n; i++){

for i := 3 to n: (wr\'?j fib[i] = fib[i-1] + fib[i-2];
fib[i] := fib[i-1] + fib[i-2] 6 }
. = S

return fib[n] return fib[n-1];

Can we count number of operations on the pseudo code version of the Fib function?
@ Yes
B. No



Our first goal for analyzing runtime was to focus on the impact of the
algorithm. What was our second subgoal?

A. Focus on optimizing the algorithm so that it can be efficient
B. Focus on measuring the time it takes to run the algorithm by time

ping our code.
ocus on trends as input size increases (asymptotic behavior)
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Orders of growth

An order of growth is a set of
functions whose asymptotic growth
behavior is considered equivalent.
For example, 2n, 100n and n+1
belong to the same order of growth

Which of the following functions
has a higher order of growth?
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e
Big-O notation

* Big-O notation provides an upper bound on the order of growth of @Jnction
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e
Definition of Big-O

f(n) and g(n) map positive integer inputs to positive reals.

We say f = O(g) if there is a constant ¢ > 0 and k > 0 such that
f(n) <c - g(n) for all n >=k.

means that “F grows o faster thail ¢”



Express in Big-O notation
10000000 = 0(13

1.

2. 3"n = OC“)

3. 6*n-2 = o)

s 15+4a = OC™)

5. 50*n*log(n) = C)C""’*Of)“3
6 N2 - O(Y\’LS

7. n2-6n+9 = O(n*)

5. 3n2+4%log(n)+1000 = O (0"

9. 3n+n3d +log(3*n) = O(% )

For polynomials, use only leading term, ignore coefficients: linear, quadratic



e
Common sense rules of Big-O

1. Multiplicative constants can be omitted: 14n2 becomes n2 .

P

2

2.n2 dominates nP if a > b: for instance, n© dominates n.

p——_ % —

3. Any exponential dominates any polynomial: 3" dominates.n_5 (it even
dominates 2M).



Big-O analysis of iterative fibonacci

procedure Fib(n: positive integer)
Create an array fib[1..n]

fib[1] := 1

fib[2] =1

for 1 := 3 to n:

fib[i] := fib[i-1] + fib[i-2]
return fib[n]

=z OCV\)



recursive fibonacci: some observations

procedure F(n: a positive integer)
if(n <= 2) return 1

return F(n-1) + F(n-2)
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Path a sequence of (zero or more) connected nodes.

Length of a path - number of edges traversed on the path

Height of node — Length of theT'thest path from the node to a leaf node.
Height of the tree - Length of the longest path from the root to a leaf node.
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I
Types of Binary Trees

Complete Binary Tree: Every level, except
possibly the last, is completely filled, and all
nodes on the last level are as far left as possible

Full Binary Tree: A complete binary tree whose
last level is completely filled



Big O analysis of recursive Fibonacci
@(OC(CD/\ (\\

procedure F(n: a positive integer)
if(n <= 2) return 1 F (n)

return F(n-1) + F(n-2) ‘///// \\\\\\\
. : " F(n-1) F(n-2)
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F(n-3) F(n-4) F(n-4) F(n-5) F(n-4) F(n-5) F(n-5) F(n-6)

What takes so long? Let’s unravel the recursion...

\N (6-') — % The same subproblems get solved over and over again!

(2> = 4 R(n-2)
%v\ genetad UOQ‘) s B



e will dovwe & clowed  faen fevd ©

epragaon A7 R(h) Peve )
For o dul lnary e o it N peged
e foved mumben roden indie ‘ ?
reee O, (S %\wﬁ by :“ Qenel: k'/\ \b

B(h) - ao __\,&‘f(-‘j_l—(—..

g& [§“WS W@tomeﬂ"c (cries)
NV %d-'\"(rku' (D)

A+
By = 2 -\ — CA3
e obsene nok fe Mo 0f olle o FCY Ape wpat ™M
He NUMber T}

is  bounded b«j

noden oo AU binery e 6 heigpe M2

g, W) & BLO -2)



W\M‘U ofproatis
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procedure max(ai,az, .. an: integers)
max:= a1 I &,
for 1:= 2 to n

1f max < ai I C
max:= X L

return max{max is the greatest element}

( 2)- ¢ What is the Big-O running time of max?
_— N\~ A
w) = G A O(n2)
B. O(n)
N\

= Oln) c. O(n/2)
D. O(log n)
£. None of the above



e
What is the Big O running time of sum()?

A.CXnZ) /* n is the length of the arrayx/
* int sum(int arr[], int n)
(2 )om) {

C. O(n/2) int result=0;

D. O(log n) for(int i=0; i < _n; i+=2)

E. None of the array result+=arr[il;"

return result;



What is the Big O running time of sum()?
/* n 1s the length of the arrayx/

A O(n2) int sum(int arr[], int n)

| {

5.0(n) int result = 0;§ ¢

¢ O(n/2) for(int i=1; i < n; i=ix2)
O(Iog n) result+=2xarrli] ;> ‘Ca.
£. None of the array \ return result;

o C
T(wWy = Ci “" by



What is the Big O running time of sum()?
/* n 1s the length of the arrayx/

A O(n2) {int sum(int arr[], int n)

(B) O(n) oM [int result = 0;

C. O(n/2) o[ for(int i=0; i < n; i=i+2)
D. O(log n) result+=arr[il;

f Int 1=1; 1 ; 1=1%2
E. None of the array O(Qaﬁ“)[ or(in résulti=§*grr?i-}; )

return result:

' = On)

T = 0() + olnd + 0(Logn)



Next tin. - -

* Running time analysis : best case and worst case
* Running time analysis of Binary Search Trees
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http://algorithmics.lIsi.upc.edu/docs/Dasqupta-Papadimitriou-Vazirani.pdf
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